GLOBAL
2 Mt

upéf:(‘my Mathesatics for All

EXPLODING DOTS
CHAPTER 6

ALL BASES, ALL AT ONCE

T LB BT M — A BT 00 0 5 T 72 21 T AR 2 N B MO, F TR — ek )
o Bl o L L B

HARHLRE: CABUT BRI T, BOVZBTBRAIE S 1 AR AR 1.

PATH BRI ME—— 502, BATZ AT 310 1« 10 HLEIE A 2R 0,  FTa /N9 R B
Hor BATHA] DIFE— 1« 20U S, si#F R L« S|, HE221< 37HH. HeaTm
FAREAS MU FBA BN R, RAEERATNSISE S 4T 10, Xt A A 17 -
1<10.

B RALBAT BB BNV AT# S 7 A2, 1 B3I CAE A I OpL . I RARAS LS 2
F AR

TS KR

TERZRBATZHfr 276 +12, FATHKIZ 110 Hlil. AT UG 2% 22 23. i B X IEEE
A, it amERE. / |
[l

276 = @Z = ?@

BUESRATTE — DA F BRI A . AL IS A S EIRIREA TR B ATRER L« 2,
HE 14, 83 113 M. RERAkiE.
AR AR S R F] N RER R R AR, AHE X

P At e BB RA T2 L «— X L], Hrp i X2 — N EUE,  FEREORBATME Y 1 24



FE1 <10 Bl B, HEE sy SR T 10 96%: 1, 10, 100, 1000, ....
fE1 <« 2 Pl B, MEEm B LR T 2 ek 1,2, 4,8,16, ..

R DLE— A 1 x LI 1, HE L A LSRR T X A

ls<— X

X x° X X 1

Frbh, fRBEERERIR X SEhs B 10, 4l, x, X2, x°, . #4871, 10, 100, 1000, ..., thah &
PERAVE 2L 10 BLi. R EVFIR x b B2, HAL, x, X2, X, L HER T 1,
2,4,8,16, .., WA B RAMEH KL < 2 L.

FITEL 1= x HLAEIHBGR T X AOME, e se R T A L) .
o 7, JAeRE —iE R R

PE(2X° +7x+6)+(x+2).

PRBESEHEAE L <= X WL HIRXIE R AT 4 BB ? B SRR 2 i dack B Salidng .



THESURRA2X + 7X+6 £ L x FUHIE M AT AW X°, 4 X A4 L

2 +7x+6=| ¢ |eee| ot
X +7/xX+0 = o0
® ® 0 o0

x? X |

TEZ X+2

x+2 =|eo|%

SEANRIEFIAE (267 +TX+6) + (X +2) FmRAHLEIE 2x° + Tx+6 ORI LA X+2 .

Il

X
2x* +7x+6 = g%ﬂ:} .
* x
x+2=|0|%

FE XL EBATERH WA X+ 2, M EBRITERA = X+2. PrOERE2x+3.

U4 A X R P (2x2 +7x+6)+(x+ 2) =2x+3.
Fr it R AR ?

FRATTEL SRR D vt e BUR BRI T, Ao _E o — ST v (AR H ]

Ina 1<—10 machine. I I , !" l Ina 1< X machine.

276 +12 ® g 4—@ (2.\'2 +7x+6)-:—(.\'+2)
=23 CZQ‘\@J/@ ‘=2.\'+3

SAME PICTURE!




W —FF G SRR X B2 10, A4 2Xx3 +7X+6 HZ 2T 2x100+7x10+6, 2
276 . X+2%ET10+2, HEiAl12. FrbARATHSREAETTH 276 12 . [RIES3RATZ AT 2110
2X+3, T 2x10+3=23, 276 1245 L2 —FE.

FrbAZ sz EIRATT R GZEE T LLRTAS AN B B AR m) A
WMRBRE VIR X BMER 2, IR ) AR B T
2X2 +TX+6=2x4+7x2+6 5228,
X+2=2+2, 524,
2X+3=2x2+3, it 7.
Fr AFRATISE PRt 5 7 28 +4=T!

FITUAAE L < X B B T (S BR20a S 20 T AR N 1 TE B0 Bk 1)

BRI AL — X BB H 52 (26 +55° +5x+6) = (x+2) , fRATLLE] 2x° +x+3
07 R VR X M 10 , FRAA A I B R 1A 2556 +12 = 2131132)

T, SIS HR ML« XHUHRE RS BN G2 2 10 SR8y, RAY
FEHOEH X RFTRM . CHRIMEAT N EURIR X SEhr B2 10, BETsE 25 WHLL 10
NERRE T T )

— EARBAR T XS, s RBARSC L B mEAITPE B EIRI LA 10 JyEE AT
Co

A g8, rel L k. EARENRERSSHER.
1. a)it® (2x4 +3x% +5x? +4x+1)+(2x+1).
b) i (x“ +3x% + 6% +5x+3)+(x2 + x+1).
R PIE U X E R 10, IREBEI AT A pli i i AR A ) /8t e 2
2. FHZE N2, REERBIERE?  (RFEERAERATAWE? D

X* +2x3 +4x* +6x+3
x?+3




. iFE (x4 +4%% + 6% +4x+1)+(x+1) s % 1 3x% +3x+1.

a) MUx=108F, EAFEGEEH T4

b) i x=20, XA THA?

o) HXDHET 3,4,5,6,7,8,9, M 11K, XAFEBEH T A2
d) I x =08, XA 742

e) Hx=-1rWg?



A PROBLEM
17 7t

BRI D et B o S RBU ,  AIEAR e AN BB A TE A AR AR S PR IR
RRFROE T Z BT, SRR S . SR IATRITEN 20 FHAKEH .

behn, XA BRI

X3 —3x+2
X+2

TREER HRBATZ A BcA Bt Aamg? XF 7, k. JATAr DURIER A 2 TUAE L < X AL
B 1] R

x?-3x+2 =| * o° | e

Xt2 = | o |o

BATRAZAE X° = 3X+ 2 A B A SEREN A A (HALE x+2) , TTRIARA ! EAM? IRk
B —AMF 5 ? A NS EBERATE AR (S, XA IMETT R AR, HREAT A%
8 x 2t a, FrUAAREE R PSR R, 2R E AR LA R ?

PAIT ZAR—ADNIEWIINE, B METE AT AN T 32 AR BEAS REMR R AT 5741 22 3900 2

PRUEFFE ?



BRI
FRE FRAERA T BRI BRI A L

X3 —3x+2
X+2

THEZENA:

]
]
O

.

x3-3x+2

X+2 = o | o*

WAVEHRE S 2 H X+ 2, e X -3+ 2 B g L% “— D HEREMAN L7, W
A . BATHARKSCRELE R, BFOSERATBCA X FME CRFERATRAARE L — A RN
BISIR LA RLe D A E B AT T .

ERRILANEWEER, TR #R R R A SRR A0 AR — B R, R4 2153
B, BREHEHRNER,
T ABLAESRA T A A4, 2

GE X =3+ 2B EEABHIA S, R AR WA SMEL, XA X+ 2.
BATHIAA it 2, BATEEEAT, mBERMAT 7. HERRE: KEANRZEN, TN
AR, HATEFENA 0 2%, KRBT AR 1.

o0
(oNe)
O
@

X3-3X+2 — ®

x+2 = e e
LT IAERNMEKBIE —Hx+2.




/

G| oo

x3-3x+2

x+2

N AR E A A YRR AT R R X+ 215 ?

EBRRALAWAN R, QRGN R, FATREARE A X+ 2 7, ASHA ol F i —
s RET AR R, XA T SRR T —H x+ 2.

/ /
= slo | © e
x3-3x+2 = | ( 30 oooé: )
Xx+2 = | o |e®

BRRAR, ALBAVFRLRET, BARKXMIMNERATT?
I EEIXIRE, REER A ? JRATHSZRER B A X+ 2, AR G AR A a0 1 o

-1
/ -1 /
o0~ 0 =,
x3-3x+2 = C’ ° g‘\ ’,&Qéj 0'7
~ | _o.,
x+t2 = | o |o@®

g, AEIANVEAS NIXAE R ?
(X =3x+2)+(x+2) is x* - 2x+1.

Ptk 1!



T CAIL SRR Z B A I RIE R AT, BRATTH S AT ARSI AN mAIHE ) M A R i A7 1 22 3 R
%, B AU 2 0.

IR Z 2R LA R, il R I LA SefE gk EaluliX JLE @, AR5 VR AT DU R L g
PIRARREA T B 5 AT AEAS 5 [ Jm 4R 3

x3 —3x% +3x-1

4. itH x—-1
3 2 _
5. i+ﬁ4x 14x° +14x 3_
2X—3
o A =2X T — AKX 46X -1 . X
6. I AARAEMBLIXA ; — Rl LA AT

X —1

X2 —

7. XA B

PRVEFFAT VAT — A B A T IRAE AR B A R RIS 732 R AN K 28 R, Bl Tl BA 2
B AMFEAE S ? (FATHER A A G T E A 75 548 0 i — A v 18] 20 38D



10

R

It is just as easy to identify remainders in base X division problems as it is in base 10 arithmetic.
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Here are some practice problems if you would like to play some more with this idea.
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p(x)= multiples of (x—h) +r
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Dividing a polynomial P (X) by a term X —h gives a remainder that is a single number equal to

p (h), the value of the polynomial at X = h.

People like this theorem because it shows that if p(h) =0 for some number h, then p(x) is an

multiple of X —h. (The remainder is zero.) This gives the Factor Theorem for polynomials.

A polynomial P has a factor X —h precisely when h is a zero of the polynomial, that is,

precisely when P (h) =0.

This is a big deal for people interested in factoring.
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MULTIPLYING POLYNOMIALS

Can we multiply polynomials? You bet!

Here’s the polynomial 2X* — X +1.

1= X
] L]
° 8]
¥ ¥ooxr x 1

If we want to multiply this polynomial by 3 we just have to replace each dot and each antidot with
three copies of it. (We want to triple all the quantities we see.)

3(2.\': - X+ I) = O::. 000 | eee

-

2
x* X X X |

We literally see that 3(2x2 —X +1) is 6x2 —3X +3.

Suppose we wish to multiply 2x* —x+1 by —3 instead. This means we want the anti-version of tripling

all the quantities we see. So each dot in the picture of 2x* =X +1isto be replaced with three antidots
and each antidot with three dots.

—3(‘2.\': - I) - OOOC?O eee | OO0
% x° X" X l

We have —3(2X2 —X +1) = —6%° +3—3. We could also say that —3(2X2 —X +1) is the anti-version

of 3(2x2 - x+1).

Now suppose we wish to multiply 2x° —x+1 by X+1.Since X+1 looks like this
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we need to replace each dot in the picture of 2X% — X +1 with one-dot-and-one-dot, and each antidot
with the anti-version of this, which is one-antidot-and-one-antidot. (This is now getting fun!)

(.\’+l)x(2.\‘2—.\'+l)= .. ..O (.) L]
x* x’ x? X 1

After some annihilations we see that (X +1) X (ZX2 - X +1) equals 2X° + x* +1.

Now let’s multiply 2X* — X +1 with X — 2, which looks like this.

o Oo

Each dot is to be replaced by one-dot-and-two-antidots, and each antidot with the opposite of this.

) [ ] 00 @ 00
(x-2)(2x* —x+1) = e | OO
o} oo
x! ¥ x? X ]

We see (X—2)(2x* - x+1) =2x° —5x" +3x - 2.

Okay, you're turn. Try 2X> — X +1 times 2X* +3X —1. Do you get this picture? Do you see the answer
A" +4x° —3x* +4x-1?

Y ) YY) o)
o0 O%O &
es | 822 | ©
\'4 - X2 X 1
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ADDING AND SUBRACTING POLYNOMIALS

Adding and subtracting in base X is just like adding and subtracting in base 10. And it is easier in fact!
Since we don’t know the value of X we will never explode dots. That is, we never need to perform
“carries” as one does in base 10 arithmetic!

22+ 8x -5 10x3 +5x% - 7x +3
+ 9+ 7x+6 - 3x3+8x% +5x -2
= 11 +15x +1 = 7x>-3x? -12x +5

We can draw dots and boxes pictures of these in an 1 <— X machine if we like.
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WILD EXPLORATIONS

Here are some “big question” investigations you might want to explore, or just think about. Have fun!

EXPLORATION 1: CAN WE EXPLAIN AN ARITHMETIC TRICK?
Here’s an unusual way to divide by nine.

To compute 21203+ 9, say, read “21203” from left to right computing the partial sums of the digits
along the way

2 =2
2+1 =
2+1+2 =
2+1+2+0 =5
2+14+24+0+43 =

and then read off the answer

21203 +9=2355R 8,

In the same way,

1033+9=1|1+0 |1+0+3| R 1+0+3+3 =114R7
and

2222 +9=246 R 8.

Can you explain why this trick works?

Here’s the approach | might take: For the first example, draw a picture of 21203 ina 1< 10, but
think of nine as 10 —1. That is, look for copies of in the picture.
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EXPLORATION 2: CAN WE EXPLORE NUMBER THEORY?

Use an 1 <— X machine to compute each of the following

2 3 6 10
X° =1 X’ =1 X =1 X~ =1
a) b) c) d)
x—1 x—1 x—1 x—1
number
Can you now see that —1 will always have a nice answer without a remainder?
X —

Another way of saying this is that

X" —1=(x—1)x (something).

For example, you might have seen from part c) that X —-1= (X —1)(X5 +X 3+ X2+ x +1) . This

means we can say, for example, that 17° —1 is sure to be a multiple of 16! How? Just choose X =17
in this formula to get

17° —1=(17 —1) x (something ) = 16 x (something) .

9100

e) Explain why 999" —1 must be a multiple of 998.

2100

f) Can you explain why —1 must be a multiple of 3, and a multiple of 15, and a multiple of 31 and

50
a multiple of 1023? (Hint: 2'° = (22) =4 andsoon.)

number

g)ls X —1 always a multiple of X +17? Sometimes, at least?

h) The number 2'%° +1 is not prime. It is a multiple of 17 . Can you see how to prove this?




EXPLORATION 3: AN INFINITE ANSWER?

Here is a picture of the very simple polynomial 1 and the polynomial 1—X.

1-x = .o .

Can you compute 1— ? Can you interpret the answer?

(We'll explore this example in the next chapter.)

18
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SOLUTIONS

As promised, here are my solutions to the question posed.
Here are my answers.

1.
a) (Zx4 +3x% +5x? +4x+1)+(2x+1) =X +x*+2x+1

b) (x“+3x3+6x2 +5x+3)+(x2+x+1):x2 +2X+3

And if X happens to be 10, we’ve just computed 23541+21=1121 and 13653 +111=123.

2. We can do it. The answer is X° +2X +1.

a) For x =10 it says 14641+11=1331
b) For X = 2 itsays 81+3 =27

c) For X =3 itsays 256 +4 =64
For X =4 itsays 625+5=125
For X =5 it says 1296 +6 = 216
For X =6 it says 2401+7 =343
For X =7 itsays 4096 +8 =512
For X =8 it says 6561+9 =729
For X =9 it says 10000 +10 =1000
For X =11 it says 20736+12 =1728

d)For X=0itsays 1+1=1.

e) For X =—1 itsays 0+0=0.Hmm! That’s fishy! (Can you have a 1€-0 machine?)



x> -3x*+3x-1 ,
4 =X"—x+1.
x—1

s 4x° —14x* +14x-3
' 2x -3

2x% —4x +1.

6 4x° —2x* +7x% —4x® +6x -1

- ) =4x3 +2x° +5x —1.
X2 — X+

X —1

x? -1

7. =x8+x® +x* +x% +1.

8. We know that (ZX2 +7X+6)+(X+ 2) =2X+3 so | bet (2X2 +7X+7)+(X+2) turns out to be

2X+3+L.Doesit?
X+2

4
X

—— =X +3+—
X =3 X° -3

~14x% +82x -14

10. 5X% —2X+ 21+ .
X' —4x+1
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